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Abstract 
Accurate modeling and precise estimation of the term structure of interest rate are of crucial 
importance in many areas of finance and macroeconomics as it is the most important factor in the 
capital market and probably the economy. This study compares the in-sample fit and 
out-of-sample forecast accuracy of the CIR and Nelson-Siegel models. For the in-sample fit, 
there is a significant lack of information on the short-term CIR model. The CIR model should 
also be considered too poor to describe the term structure in a simulation based context. It 
generates a downward slope average yield curve. Contrary to CIR model, Nelson-Siegel model is 
not only compatible to fit attractively the yield curve but also accurately forecast the future yield 
for various maturities. Furthermore, the non-linear version of the Nelson-Siegel model 
outperforms the linearized one. In a simulation based context the Nelson-Siegel model is capable 
to replicate most of the stylized facts of the Japanese market yield curve. Therefore, it turns out 
that the Nelson-Siegel model (non-linear version) could be a good candidate among various 
alternatives to study the evolution of the yield curve in Japanese market.  
 
Key Words: Non-linear Least Square, Simulation, Maximum Likelihood, In-sample fit, 
Forecasting, Yield Curve. 








Nothing in economy is watched much closer on a minute by minute basis than the yield curve. The 
central banks around the world try to manage it and everyone tries to forecast it. Its shape is a key 
to the profitability of many businesses and investment strategies. Equally important is the ability 
of the model to forecast the future term structure as it can be interpreted as a predictor of the 
future state of economy.
1
 Therefore, accurate modeling, estimation and precise forecasting of the 
term structure of interest rate are of crucial importance in many areas of finance and 
macroeconomics.  
Although the prices of zero-coupon bonds can be directly used to construct the term structure, 
however, due to the limited available maturity spectrum and lack of market liquidity of the 
zero-coupon bonds, it is essential to estimate the yields based on the observed coupon-bearing 
bond prices. Therefore, several term structure models have been developed in the course of time to 
plot the yield curve. A model that forms the basis of many other term structure models is the 
Vasicek (1977) model. The innovative feature of the Vasicek (1977) is that it models the interest 
rate as a mean reversion process. A famous extension to the Vasicek model is the 
Cox-Ingersoll-Ross (1985) model, which aims to cope with some of the drawbacks of the Vasicek 
model. The Cox et al. (1985) model describes the evolution of the short rates and distills the entire 
term structure by only one stochastic variable. Other famous extensions are the Vasicek and Fong 
(1982), Hull and White (1990) and Black et al. (1990) models. 
However, more positive results have emerged recently based on the framework of Nelson and 
Siegel (1987). Originally intended to describe the cross sectional aspects of the yield curves, the 
Nelson-Siegel model imposes a parsimonious three-factor structure on the link between yields of 
different maturities, where the factors can be interpreted as level, slope and curvature. Though 




This chapter discusses the Cox-Ingersoll-Ross (CIR) model and the Nelson-Siegel 
exponential components framework to distill the entire term structure of zero-coupon yields. 
Being derived from dynamic stochastic general equilibrium (DSGE) specification, the CIR model 
was characterized for theoretical purposes, whereas, the motivation for the Nelson-Siegel model 
comes from the stylized facts that can be inferred from empirical analysis. The CIR model is 
compared with the Nelson-Siegel model to find out which of the two classes is appropriate for 
forecasting purposes. The comparison between the Nelson-Siegel and the CIR models will help to 
find out which of the two can appropriately represent the true characteristics of the market. We 
also compare the in-sample fit of Nelson-Siegel model for the linear and non-linear estimation 
                                                   
1 These forecasts are used by companies in their investment decisions and discounting future cash flows, consumers 
in their saving decisions, and economists in the policy decisions. 
2 For instance, De Pooter (2007) states that nine out of thirteen central banks that report their curve estimation methods 
to the Bank of International Settlements (BIS) use either the Nelson-Siegel model or its variation. Furthermore, 
Diebold and Li (2006) find that the dynamic reformulation of this model provides forecasts that outperform the 




Furthermore, we simulate the CIR and the Nelson-Siegel models to find out whether 
simulation results match the larger trends and statistics (i.e., stylized facts) of the actual interest rate 
data. In this context, we aim to understand that: 
 Which of the two classes of models well explain the entire term structure of interest rates? 
 Does non-linear estimation of Nelson-Siegel model lead to a better in-sample fit than the 
linear estimation process? 
 Does better fit imply reasonable simulation results? 
The motivation to simulate interest rates may be to examine the out-of-sample performance of the 
two classes of term structure models. An interesting reading on this topic for the Nelson-Siegel 
model is in Diebold and Li (2006), which indicates that the model produces term structure 
forecasts at both short and long horizons with encouraging results.  
The chapter contributes to the existing literature in two ways. In calibrating the multi-factor 
Nelson-Siegel model, we estimate the dynamic version of the model by employing the non-linear 
least squares estimation procedure and allow all the four parameters to vary over time.
3
 We show 
that how the non-linearized version of the model (assuming the time-varying  ) leads to a better 
in-sample fit as compared to the linearized one. Secondly, we model the four time-varying factors 
of Nelson-Siegel model to simulate the yield curve, contrary to the previous studies in which 
parameter    is fixed to a pre-specified value and they model three factors to forecast the term 
structure. Lastly, in estimating the CIR and Nelson-Siegel models, some new empirical facts will 
emerge from the Japanese market data. Of particular importance, short-term yields such as the 
three and six-month yields were essentially stuck at zero during most of the period from 2000 to 
2006. It will also be interesting to figure out that how the short rate CIR model fits the very low 
short-term interest rate to compute the entire term structure. 
We proceed as follows: in section 2 the Cox-Ingersoll-Ross (1985) model and the dynamic 
multi-factor Nelson-Siegel (1987) model are discussed. Section 3 describes the Japanese interest 
rate data and estimates the parameters of the models. We evaluate the forecasting performance of 
the two competing term structure models in section 4, while section 5 concludes the study. 
2. Term Structure Models 
The term structure of interest rates describes the relationship between interest rates and time to 
maturity. At a certain point of time for various maturities, the term structure can have different 
shapes. The curves that encounter in reality can be upward, downward sloping, flat or humped 
                                                   
3 In the earlier studies, the parameter   is pre-specified to a fixed value without estimation. For example, Diebold 
and Li (2006) argue that   is to be taken as a constant with little degradation of fit, but it greatly simplifies the 
estimation procedure. They fix   to 30 months that maximizes the loading of the curvature factor. Similarly, 
Fabozzi et al. (2005) set the shape parameter   to 3 leaving the hump located at 5.38 years, arguing for the 
computational efficiency (no iterations through   need to be performed). However, in some studies   is 
considered as time invariant unknown parameter (does not pre-specify). Such as Diebold, et al. (2006) estimate   
to be 23.3 months          . In Ullah et al. (2013), the estimated   is 71.420 implying that the loading on the 
curvature factor is maximized at a maturity of about 6 years. 
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shape. These typical shapes can be generated by a class of functions associated with the solutions 
of differential or difference equations. Cox et al. (1985) developed a general equilibrium model 
with explicit analytical expression for the equilibrium interest rate dynamics and bond prices 
using the first order stochastic differential equation (SDE). Being a general equilibrium model, it 
contains all the elements of the traditional expectation hypothesis. On the other hand, Nelson and 
Siegel (1987) introduced a model for term structure which explains 96% of the variation of the 
yield curve across maturities with the help of second order differential equation.  
For a zero-coupon bond with unit face value maturing in   periods and current 
price      , the continuously compounded yield       is         
            , where   
denotes a moment in time. The instantaneous forward rate      , which is the interest rate 
contracted now and to be paid for a future investment, can be obtained from the discount function 
as            
           , where    
              .
4
 Furthermore, the relationship 
between the yield to maturity and the implied forward rates is        




the yield curve or forward curve, we can price any coupon bond as the sum of the present values of 
future coupon and principal payments. This important relationship between zero-coupon and 
instantaneous forward rates is a critical component of the Nelson-Siegel model. Moreover, the 
short rate is the annualized interest rate (yield) for an infinitesimally short period of time and is 
defined as                     , whereas long rate is the annualized spot rate for long 
horizon maturity, defined as                      . Based on these definitions and 
notations, in the next two sections we present the models. 
2.1. Cox-Ingersoll-Ross (CIR) Model 
Vasicek (1977) developed a one-factor model of the term structure which depends on only one 
uncertainty factor, i.e., the short rate. Vasicek defines the short rate process as:  
 
                    (1) 
 
As with the mean reverting process, the three parameters     and   are strictly positive and 
   is a Wiener process. A major drawback of the Vasicek model is that the model can produce 
negative interest rates.
5
 Cox et al. (1985) adopt a general equilibrium approach to endogenously 
determine the risk-free rate. They reformulated the Vasicek model, in order to prevent the short 




                       (2) 
 
The           is a drift term which represents the mean reversion and is similar to the drift 
term in the Vasicek model. The difference between the two models is the square root in the 
                                                   
4 The function                   , which relates the zero-coupon yield to the value of bond, is referred as 
discount function. 
5 If real interest rates are to be modeled, this does not necessarily have to be a big problem as real interest rates can 
be negative in reality. Nominal rates, on the contrary, will never be negative in practice. 
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second (volatility) term, which prevents the short rate from becoming negative.
6
  
Furthermore, the short rate    as in (2) follows a non-central chi-square distribution with 
       degrees of freedom, and the parameter of non-centrality    is proportional to the 
current spot rate. The probability density of the interest rate     at time    conditional on       
at      is given as: 
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and          is a modified Bessel function of the first kind of order  .  
Valuing the zero-coupon bond, Cox et al. (1985) show that the pricing function in the CIR 
model can be expressed as: 
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 (6) 
           (7) 
 
The bond price in (4) is a decreasing concave function of maturity   and decreasing convex 
function of the short-term interest rate    and mean interest rate level  . Furthermore,       is 
an increasing concave (decreasing convex) function of   (the speed of adjustment parameter), if 
the short-term interest rate    is greater (less) than  . The bond price is also an increasing 
                                                   
6 When    approaches zero, the volatility term       approaches zero. In this case, the short rate will only be 
affected by the drift term, resulting the short rate to revert to the mean again. Cox et al. (1985) show that 
whenever       , the interest rate is strictly larger than zero. Furthermore, there is empirical evidence that 




concave function of the interest rate variance   .7  
Rewriting the expression for       in (4) and using the relation between bond pricing and 




      
 
 
                          (8) 
 
with      ,        and   are as in (5), (6) and (7) respectively. 
On a time grid               with time step           , the discretized version of 
the CIR model is defined as: 
 
                               (9) 
 
with          . Various different shapes of the term structure can be computed by the CIR 
model by changing the parameters values in (8). 
2.2. Nelson-Siegel Model 
Motivation for Nelson-Siegel model comes from the expectation hypothesis. According to the 
expectation hypothesis, forward rates will behave in such a way that there is no arbitrage 
opportunity in the market. In other words, the theory suggests that implied forward rates are the 
rationally expected spot rates of the future periods. Nelson and Siegel (1987) propose that if spot 
rates are generated by a differential equation, then implied forward rates will be the solutions to 
this equation. Assuming a second-order differential equation, to describe the movements of the 
yield curve, with the assumption of real and equal roots, the solution will be the instantaneous 
implied forward rate function as: 
 
 
                 
  
  
       
 
  
     
  
  
   (10) 
 
for           and time-varying parameters vector                    
 . 
The model may be viewed as a constant plus a Laguerre function, that is, a polynomial times 
an exponential decay term, which belongs to a mathematical class of approximating functions. 
The solution for the yield as a function of maturity is: 
 
 
              
            
    
      
            
    
     
  
  
   (11) 
 
The Nelson-Siegel specification of yield in (11) can generate several shapes of the yield curve 
including upward sloping, downward sloping and (inverse) humped shape with no more than one 
                                                   
7 It is due to that larger    value indicates more uncertainty about future real production opportunities, and thus 
more uncertainty about future consumption. In such a world, risk-averse investors would value the guaranteed 
claim in a bond more highly. 
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maxima or minima. The functional form imposed on the forward interest rates as in (10) leads to 
a flexible, smooth parametric function of the term structure that is capable of capturing many of 
the typically observed shapes that the yield curve assumes over time and captures most of the 
properties of the term structure. 
The limiting path of      , as   increases, is its asymptote    ; and, when   is small, 
the limit is          .     is the asymptotic value of the spot rate function, which can be seen 
as the long-term interest rate and is assumed (required) to be positive        . Furthermore, the 
loading of     equals one (constant and independent of ) and, therefore, the term structure at 
different maturities is affected by     equally, which justifies the interpretation of     as a level 
factor. The instantaneous short rate is given by         , which is constrained to be greater than 
zero. Furthermore,     determines the rate of convergence with which the spot rate function 
approaches its long-term trend. The slope will be negative if       and vice versa. The 
loading of     approaches to one as     and to zero as   . Therefore, the yield curve is 
primarily affected by     in the shorter run, so a change in      implies a change in the slope of 
the term structure. Therefore, it is legitimate to interpret     as the slope factor. The loading that 
comes with     starts at 0, increases, and then decays to zero. Since,     has the greater impact 
on medium-term yields and can be termed as the curvature factor, because it affects the curvature 
of the term structure. Furthermore, the parameter     determines the size and the form of the 
hump, i.e.,       results in a hump, whereas       produces a U-shape. 
Finally, the parameter    determines the maturity time at which the loading of the      is 
optimal. It also specifies the location of the hump or the U-shape on the yield curve. Therefore, 
the range of shapes the curve can take is dependent on   , it can be interpreted as a shape factor. 
The small values of    , which have rapid decay in regressors, tend to fit low maturities interest 
rates quite well and larger values of     lead to more appropriate fit of longer maturities spot 
rates. It has an interesting rule and economic interpretation as it shows a point of maturity   that 
separates the short rate from the medium/long-term rates.  
3. Parameter Calibration and Estimation 
Taking into account three dimensions–yield, maturity and time–of the data, different estimation 
methods can be used. To estimate the CIR model, one could choose to do a cross-sectional or 
time series estimation. For the Nelson-Siegel as the factors are time-dependent, one can proceed 
with cross-sectional or multivariate time series estimation. The differences between the estimates 
should be small if the employed model of the term structure is true. In this study, we estimate the 
CIR model using the time series data and the Nelson-Siegel model via the cross-sectional data for 
each observed month in the dataset. 
3.1. Data 
The data we use are monthly spot rates for zero-coupon and coupon-bearing bonds, generated 
using the pricing data of Japanese bonds and treasury bills. The standard way of measuring the 
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term structure of interest rates is by means of the spot rates on zero-coupon bonds, however due 
to limited maturity spectrum and lack of market liquidity of zero-coupon bonds, longer maturity 
rates need to be derived from coupon-bearing treasury notes and bonds. In practice, we can 
therefore not observe the entire term structure of interest rates directly, but we need to estimate it 
using approximation methods.  
We use the end-of-month price quotes (bid-ask average) for Japanese Government bonds, 
from January 2000 to December 2011, taken from the Japan Securities Dealers Association 
(JSDA) bonds files. In total, there are 144 months in the dataset. Following Fama and Bliss 
(1987) method, in the first stage, each month we calculate one day continuously compounded 
unsmoothed forward rates for the available maturities from the price data and in second stage, we 
sum the daily forward rates to generate end of month term structure of yield for all the available 
maturities. Furthermore, we pool the data into fixed maturities. Because not every month has the 
same maturities available, we linearly interpolate nearby maturities to pool into fixed quarterly 





In table 1, the descriptive statistics for the zero-coupon yields is presented. It shows that the 
average yield curve is upward sloping as the mean yield is increasing with maturity. Furthermore, 
the long rates are less volatile and persistent than short rates. It also seems that the skewness has 
downward trend with the maturity. Moreover, kurtosis of the short rates is lower than those of the 
long rates. Figure 1 provides a three-dimensional plot of the Japanese yield curve data. It is 
clearly visible that during 2000 to 2006 the short rates are nearly zero and on ward from 2006 
there is an increasing trend in the yield for all the maturities. 
3.2. Calibration of the Cox-Ingersoll-Ross Model 
The parameters vector of the Cox-Ingersoll-Ross model           , as introduced in (2), is 
estimated using the time series data. To estimate the parameters vector   by maximum likelihood 
method, we use the CIR density given in (3). For   be the number of observations, e.g., the 
number of months the interest rate is observed, the likelihood function is given by:  
 
 
                          
 
   
 (12) 
 
for           . Moreover, maximizing the log-likelihood function is often easier than 
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Maximizing (13) over its parameter space yields maximum likelihood estimates   .8 Matlab 
built-in function fminsearch is used to minimize the negative log-likelihood function to obtain   . 
However, direct implementation of the Bessel function          into Matlab causes the 
program to crash. A failure occurs because the Bessel function diverges to plus infinity on a high 
pace. To cope with this problem, scaled Bessel function [denoted by   
            ], defined 
as                      , is used. To take the scaled Bessel function into account, the 
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We use the OLS estimators as the start values of the discrete version of the CIR model (9) 
for the optimization problem defined in (14). To estimate the parameter vector  , using (2.14), 
one can use the time series data of three months, six months, one year or two years maturity 
yields. Obviously, taking different yield data implies different parameter estimates. We choose to 
calibrate the model on the two years maturity yields, for two reasons. On the one hand, the CIR 
model is a short rate model, so the time to maturity should not be too large. On the other hand, 
taking a short maturity time, say three or six months, might yield strange estimates because of the 
extremely low interest rates and high volatilities in the initial years of the data from 2000 to the 
end of 2006.
10
 Moreover, the data is on a monthly interval, the time step is set equal to 1/12.  
The results of initial estimates of OLS along with the global optimal estimates, using the 
maximum likelihood method, are depicted in the first panel of table 2. Given the initial estimates, 
the maximum likelihood estimates (MLE) in panel 1 of table 2 shows that the fitted yield curve is 
upward sloping.  
<<Table 2>> 
 
Figure 2 (upper pane) plots the average observed and the estimated yield curve. It is clearly 
visible that the CIR model plots an upward sloping yield curve like the observed one. In the 
perfect case, the two curves would match exactly. However, we observe that estimated yield is 
closer to the actual yield curve up to two years maturity and the discrepancy between the two is 
                                                   
8 Note that, as the logarithmic function is a monotonically increasing function, maximization of the likelihood 
function also maximizes the log-likelihood function. That is, the location of the maximum does not change. 
9 In (14) the term      appears because              in the scaled Bessel function should be canceled out to 
keep the log-likelihood function the same. 
10 We also tried the 3 months, 6 months, one year and 18 months short rates and the results are almost same with the 
24 months short rates results. However, the 24 months yield data fits the estimated yield curve a slightly better 
than the 3, 6, 12, and 18 months at short maturity. Estimated results are reported in appendix A. 
10 
 
the increasing function of maturity beyond two years, as the residuals curve is upward sloping. It 
may be largely due to the low interest rates from 2000 to 2006. In order to get deeper insight of 
the behavior of the yield curve during the prolonged period of zero policy rate, we also estimated 
the CIR model for the two sub-periods, i.e., sub-period 1 (January 2000 to December 2006) and 
sub-period 2 (January 2007 to December 2011). In the second panel of table 2, we provide the 
initial and MLE estimates for the two subsets of data, i.e., the zero interest rate period (2000 to 
2006) and the non-zero interest rate period (2007 to 2011). Furthermore, the estimated yield 
curves for both sub-periods are depicted in the lower two panes of figure 2. 
 
<<Figure 2>> 
The maximum likelihood estimates for the first sub-period show that the fitted yield curve is 
negatively sloped, however for the second sub-period the estimated yield curve has an upward 
slope. Furthermore, the plots of estimated yield curve for both the sub-periods in figure 2 also 
support this view. 
3.3. Estimation of the Nelson-Siegel Model 
The Nelson-Siegel model in (11) forms the basis for our estimation procedure. For estimating the 
parameters of the model, we consider the functional form as: 
 
                    (15) 
 
where       denotes the (N×1) vector of yield rates at time   for   distinct maturities,       
is (N×3) matrix of loadings and         
     is the error term, which accounts for whatever is 
not captured in the function       about how bonds are priced. The                 
  is the 
vector of unknown parameters. Furthermore,    is also unknown parameter. 
Contrary to the prior studies, we do not fix    to a pre-specified value, but allow it to vary 
over time and can be optimally determined in the estimation process in order to obtain a better 
in-sample fit. As the dynamic Nelson-Siegel function of spot rates results in a non-linear model, 
we employ the non-linear least squares method to estimate the model parameters    
                
 for each month  . To minimize the sum of squared zero-yield errors, the 
objective function          is given by: 
 
                         
  (16) 
 
We derive the analytical gradient           for the objective function in (16) and solve 
numerically for the optimal   .
11
 The analytical gradient of           is reported in appendix B. 
                                                   
11 The optimization problem stated in (16) is non-convex and may have multiple local optima, which increases the 
dependence of the numeric solution on the starting values. Arbitrarily choosing the start parameters possibly may 
not reach to a global optimum. This phenomena is avoided by applying the one-dimensional grid search to the 
system to estimate    (denoted as    ) and substituted in the (11) to linearize the dynamic model. Subsequently, 
OLS is employed to estimate the parameter vector    (denoted as    ). The grid search     and the OLS estimated 




Moreover, following Nelson and Siegel (1987), we set    to the median value estimated in the 
non-linearized version of Nelson-Siegel model (in previous stage) and estimate it by the ordinary 
least squares (OLS) in order to make a comparison between the linearized and the non-linearized 
versions of the model. 
Applying the non-linear least squares to the yield data for each month gives us a time series 
of estimated parameters vector     and the corresponding panel of fitted yields        and 
residuals     (pricing errors). The first panel of table 3 shows the descriptive statistics of the 
estimates of the Nelson-Siegel model of the non-linear least squares method. 
The estimated vector of parameters      is highly statistically significant.
12
From the 
autocorrelations in the table 3 (panel 1) of the four factors, we can see that the       and      are 
the most persistent, and that the second factor is a bit less persistent than the first. It suggests that 
long rates are slightly more persistent than short rates. Although the lag autocorrelation is 
reasonably high, the Augmented Dickey–Fuller (1979) test for unit root suggests that all the 
estimated factors     ,    ,     and     are I(0) process and stationary at level.
13
 However,      
solely determines the long run limiting behavior of the Nelson-Siegel model. The results also 
indicate that the residuals autocorrelation is low, justifying the use of non-linear least squares 




Furthermore, the time series plot of the     in figure 3 shows that the optimal point 
of     loading ranges from 1.6 to 10 years. It indicates that there is a large degree of variability in 
the     over the period selected. Testing the sample with the median value of     leads to a small 
loss of accuracy of the fitted curve but there is a large variation in the     ,      and     .
14
 The 
descriptive statistic results of estimated     ,      and      for the fixed value of   (median value 
of          ), estimated by OLS, are presented in the second panel of table 3. 
The degree of loss of fit ranges from 1.4% to 5.7%. Comparing the results in panel 1 and 2 
of table 3, there is significant difference in the estimated factors of Nelson-Siegel model for the 
two estimation processes. The linearized version of model either under-estimate or over-estimate 
the actual yield curve, whereas the non-linear estimation application leads to a reasonable fit of 
the yield curve. It suggests that standardizing the parameter    to a prespecified value, not only 
reduces the degree of fit but also leads to a significant biased in the estimated parameters     , 
     and     .  
Furthermore, to empirically test whether the factors         and     are legitimately called 
                                                   
12 The p-value of individual t-statistic (not reported) is less than 0.03 in almost every period for of all the four 
factors. 
13 Based on the SIC criteria, optimal lag 3 has been selected for all the four variables in employing the augmented 
Dickey–Fuller unit-root test. The MacKinnon critical values for rejection of hypothesis of a unit root are -4.023at 
the one percent level, -3.441 at the five percent level and -3.145 at the ten percent level. 
14 The median value of     is 38.068. 
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a level, slope and curvature factors respectively, as suggested in Diebold and Li (2006), we 
construct a level, slope and curvature from the observed zero-coupon yields data and compare 
them with     ,      and      (estimated with time-varying   ) respectively. The level of the yield 
curve      is defined as the 25-year yield. We compute the slope      as the difference 
between the 25-year and three-month yield and the curvature      is worked out as two times 
the two-year yield minus the sum of the 25-year and three month zero-coupon yields. The 
pairwise correlation of empirically defined factors and estimated (model based) factors is 
                                   and                    Pairwise correlations 
between the estimated factors and the empirically defined level, slope and curvature is almost 
smaller by 0.28 points than the results of earlier empirical studies, particularly for the US and 
Canadian markets.
15
 Furthermore, to be precise, the estimated correlation and the time series plot 
in figure 3 show that     ,      and      may truly be called level, slope and curvature factors 




Using the estimates of Nelson-Siegel model for both time-varying and fixed  , in figure 4, 
we plot the implied average fitted yield curves, the actual yield curve and the residuals. It seems 
that the curve fits pretty well and the two vary quite closely for time-varying  . It does, however, 
have difficulties at some dates, especially when yields are dispersed, with multiple interior 
minima and maxima. For the fixed   the discrepancy between the actual and estimated average 
yield curve is clearly visible. It under-estimates the actual yield up to 30 months maturity and 
over-estimates beyond 30 months. Similarly, the average residuals plot in the right panel of figure 




Furthermore, table 4 and figure 5 present the descriptive statistics and the three dimensional 
plot of the residuals of Nelson-Siegel model estimation by non-linear least squares (for the 
time-varying   ) respectively. It turns out that the fit is more appealing in most cases. Some 
months, however, especially those with multiple maxima and/or minima are not fitted very well. 
Multiple maxima and/or minima occur in the term structure of months in the mid-2005 and 
onward, which becomes apparent by the large residuals in these months. 
<<Table 4>> 
<<Figure 5>> 
                                                   
15 Diebold and Li (2006) perform a similar exercise based on zero-coupon yields generated using end-of-month price 
quotes for U.S. treasuries, from 1985:01 through 2000:12. Their estimated correlations are                 
                 and                . Similarly, Elen van (2010) used the monthly Canadian zero-coupon 
yields from 1986:01 to 2009:012 and has reported the correlations as                                    
and                 . 
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In summary, there is a significant lack of information on the short-term CIR model to fit the 
term structure of interest rate. It is not capable to fit the yield curve as the discrepancy between 
the two curves is significantly large. Contrarily, the Nelson-Siegel model provides an evolution 
of the term structure closer to reality. It distills the term structure of interest rate quite well and 
can describe the evolution and the trends of the market. Fixing the   to the median value leads to 
fit the yield curve better than the CIR model but not than the time-varying   estimation process 
(non-linear least squares) of the Nelson-Siegel model. 
4. Term Structure Forecasting  
A good approximation to yield-curve dynamics should not only fit well in-sample, but also 
produces satisfactorily out-of-sample forecasts. In this section, we simulate the interest rates to 
find out whether the simulated yields for various maturities based on the CIR and Nelson-Siegel 
models can replicate the stylized facts of the actual observed yields data. The stylized facts 
derived from the actual yields data for Japanese bonds are:  
1. The average yield curve is upward sloping and concave.  
2. Short rates are more volatile than long rates. 
3. Long rates are less persistent than short rates. 
4. Skewness has the downward trend with the maturity. 
5. Kurtosis of the short rates are lower than those of the long rates. 
4.1. Forecasting with the Cox-Ingersoll-Ross Model 
Using the parameters in panel 1 of table 2, we simulate the short rates using the discrete version 
of CIR model as in (2.9) for 10,000 times. The starting point of the short rates simulation process 
is the two-year yield at December 2011, being 0.071. Using the simulated short rates, the entire 
term structure of yield is computed by using equation (2.8), that is, we compute 10,000 matrices 
of (144×100), containing yields for all maturity times and for all months. 
Table 5 displays descriptive statistics that are of interest (e.g., mean, variance and 
autocorrelations) of the simulated yields for various maturities. This table may be compared with 
the statistical properties of actual yields in table 1 (data section). 
 
<<Table 5>> 
Summary statistics in table 5 indicate that the CIR model is not capable of replicating the 
interest rates' general trends. The CIR model generates the same skewness coefficients, the same 
kurtosis and the same autocorrelations for all maturity times. The short rates seem more volatile 
than the long rates, although the volatility is underestimated for all maturity times compared to 
the actual yields data. Moreover, the mean has a downward trend with increasing maturity. Figure 
6 shows a plot of the downward shaped average yield curve (averaged over simulation times), 
implying that the simulated yield curve is not in line with the first stylized fact. The figure also 




One may conclude that the CIR model performs unsatisfactorily and seems not useful in the 
simulation based context. As opposed to the CIR model, the Nelson-Siegel model does not fall 
within the standard class of affine term structure models. Therefore, yields forecasts and their 
stylized facts simulated with the Nelson-Siegel model will likely be significantly different from 
the yields produced by the CIR model. 
4.2. Forecasting with the Nelson-Siegel Model 
Since the four parameters of the Nelson-Siegel model give a full description of the term structure 
of interest rate, one can model them and can use various methodologies to make out-of-sample 
forecast of the yield curve.
16
 Here, the four time-varying estimated Nelson–Siegel factors are 
modeled as univariate AR(1) processes to simulate the term structure of interest rate.
17
 The yield 
forecasts based on underlying univariate AR(1) factor specifications are: 
 
                   (17) 
                   (18) 
 
where    is (4×1) vector of constants,    is (4×4) diagonal matrix,                         
  
and           is (4×1) error vector. For comparison, we also include the VAR(1) forecasts of 
yield because the pairwise correlation between estimated factors is reasonably high. This might 
produce out-of-sample forecasts with greater accuracy. The multivariate VAR(1) model 
specification is the same as in (18), but we modify    to be (4×4) full matrix rather than a 
diagonal matrix. 
Estimation of AR(1) and VAR(1) models specified in (18) is straight forward. We estimate 
the parameters vector    and matrix    of both AR(1) and VAR(1) using the time series of  
    that we obtained from the non-linear least squares regression on (15) by employing the 
maximum likelihood method, assuming the normal density for   . We use a forecasting period of 
ten years with a time step of one month. That is, we simulate 120 months, starting with the 
January 2012 until December 2021. Using the AR(1) and VAR (1) estimated parameters, we 
simulate the time series of size 120 months for 10,000 times.  
Table 6 displays summary statistics of the four simulated factors for both AR(1) and VAR 
(1) specifications, averaged over number of simulations. This table may be compared with the 




Comparing the simulated Nelson-Siegel factors of AR(1) and VAR(1) models with the 
estimated factors in panel 1 of table 3, the results show that in terms of most descriptive statistical 
                                                   
16 It is concluded in the previous section that the non-linear estimation (with time-varying  ) leads to a better fit of 
the yield curve; therefore, non-linear least squares estimated parameters are modeled to carry out the simulation 
exercise. 
17 Following Diebold and Li (2006), we also computed out-of-sample forecasts for one month, 6 months and 1 year. 
The summary results are given in appendix C for reference. 
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properties, particularly the mean, skewness and kurtosis, the VAR(1) simulated factors and 
estimated factors are close alternatives. However, relatively the estimated factors are less 
persistent than the simulated factors. In terms of lag autocorrelation, the estimated factors are 
almost similar to the AR(1) results but regarding the mean and other descriptive features the 
AR(1) overestimates     and     and accurately estimates the     and   .  
Averaged over the number of simulations and the different months, both the simulated yield 
curves are upward sloping (figure 7). Comparing the simulated yield curves with the actual in 
figure 7, one notices the curves to be much alike. This may be attributed to the fact that the 
standard Nelson-Siegel is not only capable to generate a better in-sample fit but also performs 
satisfactorily in out-of-sample forecasts. At lower maturities, the VAR(1) simulated average yield 
curve is a bit nearer to the actual yield curve but at longer maturities both the VAR(1) and AR(1) 
are identical. Overall the results show that VAR(1) can replicate the properties of the estimated 




To check for the other stylized facts, we compute yields for all maturities, by substituting the 
simulated vector     (at each simulation) in (17), for all 120 different months. Accordingly, we 
compute 10,000 matrices – one for each scenario (simulation) – of dimensions (120×100), 
containing the yields on every month for all maturity times. Then, we compute the statistical 
properties that are of interest (e.g., variances and autocorrelations) of the simulated yields for all 
maturities. Table 7 shows the descriptive statistics of the simulated yields for maturities of 3, 6, 
12, 18, 24, 36, 60, 120, 180, 240, and 300 months for AR(1) and VAR(1) specifications, that can 
be compared to the actual yield statistical properties in table 1 (section 3.1).  
Here, it can be seen that the simulated short rates of both AR(1) and VAR(1) indeed are 
more volatile than the long rates. It also seems that in simulation the skewness catches the 
downward trend with maturity in both cases. Moreover, kurtosis of the simulated short rates are 




The numeric values of the average yield of actual yield data for various maturities resembles 
with the VAR (1) simulated yields. The volatilities of both AR(1) and VAR(1) are much smaller 
than the actual yield. The actual volatilities vary within the range of 0.207 and 0.348, whereas the 
simulated yields unconditional volatility of VAR(1) model vary between 0.002 and 0.004 and 
between 0.002 and 0.003 for AR(1) specification. Numeric values for the skewness coefficients 
and kurtosis, however, deviate from the observed yields. The Japanese data shows skewness 
coefficients between -1.934 and 1.360, the simulation shows values somewhere between -0.201 
and -0.045 for AR(1) and between -0.500 and -0.086 for the VAR(1) model. Furthermore, the 
kurtosis ranging from approximately 2.079 and 8.291, while the simulation produces kurtosis 
ranging from roughly 1.970 up to 3.984 for both AR(1) and VAR (1) specifications. One may 
16 
 
also deduce from table 7 that the simulated yield short rates are more persistent than the long 
rates as we observe in the nominal data.  
In summary, we conclude that the CIR model cannot replicate the interest rates' general 
trends and should be considered weak to describe the term structure in the simulation based 
context. On the other hand, the out-of-sample forecast results of the Nelson-Siegel seem 
reasonably well. In a simulation based context, the Nelson-Siegel model is capable to replicate 
most of the stylized facts of the Japanese market yield curve and the VAR(1) based specification 
of factors is able to replicate the properties of the estimated factors as well as actual yield data 
better than the AR (1) model of the factors.  
5. Conclusion 
The term structure of interest rates is the most important factor in the capital markets and 
probably the economy. It is widely used for pricing contingent claims, determining the cost of 
capital and managing financial risk. In this study, we implement the CIR and the Nelson-Siegel 
models and compare the in-sample fit as well as the out-of-sample forecast performance using 
monthly Japanese government bonds zero-coupon data (yield to maturity) from January 2000 
until December 2011.  
For the in-sample fit, the results show that there is a significant lack of information on the 
short-term CIR model. The CIR model plots upward sloping yield curve, however, the 
discrepancy between the actual and the estimated is an increasing function of maturity beyond 
two years maturity. Contrary to CIR model, the Nelson-Siegel model provides an evolution of the 
term structure closer to reality. The Nelson-Siegel model is capable to distill the term structure of 
interest rate quite well and describe the evolution and the trends of the market. Furthermore, 
fixing the shape parameter   to the median value leads to a better yield curve fit than the CIR 
model but not as striking as the time-varying   estimation process (non-linear least squares) 
does. 
Regarding the term structure forecast, we conclude that the CIR model cannot accomplish to 
replicate the interest rates' general trends. The CIR model generates the same skewness, kurtosis 
and autocorrelations for all maturity times. The volatility is underestimated for all maturity times 
and more importantly, it produces a downward slope average yield curve, implying that CIR 
model should be considered too poor to describe the term structure evolution in the simulation 
based context. On the other hand, the out-of-sample forecast results of the Nelson-Siegel model 
seem reasonably well. The Nelson-Siegel model is capable to replicate most of the stylized facts 
of the Japanese market yield curve. Between the AR(1) and VAR(1) specification of factors, the 
descriptive features of the actual yield data and estimated factors are more closely in line with the 
VAR(1) simulated yields features.  
Summarizing, it turns out that the model proposed by Nelson and Siegel (1987) is 
compatible to fit attractively the yield curve (in-sample fit) and accurately forecast the future 
yields for various maturities. These successes account for the continued popularity of statistical 
17 
 
class of models and its use by central banks around the world. Furthermore, the Nelson-Siegel 
model (non-linear version) could be a good candidate to study the evolution of the yield curve in 
Japanese market.  
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CIR Model Results for 3, 6, 12 and 18 Months Maturity Data  
The results of initial estimates of OLS along with the MLE optimal estimates using the dataset 
for 3 months, 6 months, 12 months, and 18 months maturity periods for the entire sample 
(2000:01–2011:12) are depicted in table A-1. The results of MLE show that the average fitted 
yield curve is upward sloping. Figure A-1 plots the average observed yields and the estimated 
yield curves for all the four maturities data. It shows that the CIR model plots an upward sloping 
yield curve like the observed positively sloped average yield curve. However, the discrepancy 
between the estimated curves for all the four data sets and average observed yield curve is very 
high.   
<<Table A-1>> 
 
Furthermore, we estimate the CIR model for the two sub-periods, sub-period 
1(2000:01–2006:12) and sub-period 2 (2007:01–2011:12) to observe the yield curve behavior 
during the prolonged period of zero policy rates. In table A-2, we provide the initial estimates and 
MLE estimated parameters for the two subsets of data, i.e., the zero interest rate period (2000– 
2006) and the non-zero interest rate period (2007–2011). Furthermore, the estimated yield curves 





The maximum likelihood estimates for the first sub-period shows that the fitted yield curve 
is negatively sloped, however for the second sub-period the estimated yield curve has an upward 
slope for all the four maturities data sets.  
Overall the results of 3 months, 6 months, 12 months, and 18 months maturities data sets 
generate the same yield curve as we have estimated using the two years maturity data for the 
overall sample as well as for the two sub-periods, however, the 24 months yield data fits the 











Derivation of Analytical Gradient         for the Non-Linear 
Ordinary Least Square of the Nelson-Siegel Model 
To minimize the sum of squared zero-coupon yield errors, the objective function        is as 
given in (16): 
 
                      (A-1) 
 
Differentiate the objective function in (A-1) w.r.t   and  , 
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The system of equations derived analytically in (A-2), (A-3), (A-4) and (A-5) is non-linear 
and can be solved numerically. The numerical solution of the system implies to the Nelson-Siegel 








Out-of-Sample Forecast Performance of the Nelson-Siegel Model  
We follow the Diebold and Li (2006) method and model the estimated four time-varying factors 
of Nelson-Siegel model as first order auto-regressive and vector auto-regressive and make out of 
sample forecast for one month, 6 months and 1 year horizons.
18
 The yield forecasts based on 
underlying univariate AR(1) factor specifications are: 
 
                         (A-6) 
                     (A-7) 
 
where    is (4×1) vector of constants,    is (4×4) diagonal matrix,                         
  
and             is (4×1) error vector.    and    are obtained by regressing     on     . 
The multivariate VAR(1) model specification is same as in (A-7) but we modify    to be (4×4) 
full matrix rather than a diagonal matrix. 
We estimate and forecast recursively, using data from January 2000 to the time that the 
forecast is made, beginning in January 2008 and extending through December 2011. 
Subsequently, we substitute the forecasted factors       at time   in (A-6) to get the forecasted 
yield denoted as           . 
In tables A-3, A-4 and A-5, we compute the descriptive statistics of  -month-ahead out-of 
sample forecasting results of the dynamic Nelson–Siegel models of AR(1) and VAR(1) 
representation of                         
 , for maturities of 3, 6, 12, 18, 24, 36, 60, 120, 180, 240 
and 300 months for the forecast horizons of       and 12 months. 
We define forecast errors at     as [                   , where            is the 
forecasted yield in period   for     period and is not the Nelson–Siegel fitted yield. 
        is the actual yield in period    . We examine a number of descriptive statistics for 
the forecast errors, including mean, standard deviation, mean absolute error (MAE), root mean 
squared error (RMSE) and autocorrelations at various displacements. 
The results of one month ahead forecast of AR(1) and VAR(1) representation are reported in 
table A-3. The one month ahead forecasting results appear suboptimal as the forecast errors 
appear serially correlated. The average forecast errors and RMSE are much smaller than that of 
the related work such as Bliss (1997), de Jong (2000) and Diebold and Li (2006). In relative 
terms, RMSE comparison at various maturities reveals that AR(1) forecasts are slightly better 
than the VAR(1), however in term of serial correlation of errors the VAR(1) outperform the 
AR(1) specification. 
<<Table A-3>> 
                                                   
18 Diebold and Li (2006) model the three estimated factors of Nelson-Siegel model                     
  as they 
assume the shape parameter   is constant. Contrarily, we model the four estimated factors of Nelson-Siegel model  
                        




The results in table A-4 and A-5 of 6 months and one year ahead forecast respectively, 
reveal that matters worsen radically with longer horizons forecast. For 6 months ahead forecast, 
the AR(1) forecasts are slightly better than the VAR(1), while for the 12 months ahead, the 
VAR(1) performs better than the AR(1) in terms of lower RMSE. However, in regard of 
auto-correlation of the forecast errors, VAR(1) outperforms AR(1) for all maturities in both 6 and 




Furthermore, we also compute the Trace Root Mean Squared Prediction Error (TRMSPE) 
which combines the forecast errors of all maturities and summarizes the performance of each 
model, thereby allowing for a direct comparison between the models.
19
 In table A-6, we report 
the TRMSPE for both the specifications of yield curve factors, i.e., AR(1) and VAR(1) for all the 
three forecasts horizons. 
<<Table A-6>> 
 
The performances of AR(1) is to some extent superior to that of the VAR(1) model of 
factors in terms of TRMSPE for the one month and six months ahead forecasts horizons, while 
the VAR(1) outperform the AR(1) for twelve months ahead forecasts. It suggests that for longer 
horizons forecasts the multivariate VAR(1) specification of factors can forecast the future yields 
with greater accuracy than the univariate AR(1) model of factors. 
In summary, the out-of-sample forecast results of the Nelson-Siegel seem reasonably well in 
terms of lower forecast errors, however the errors are serially correlated. These results are slightly 
different from Dieobld and Li (2006). In term of lower RMSE, our results for all the three 
horizons forecast are preferred than that of related studies. Diebold and Li (2006) have a great 
success in forecasts, particularly in terms of the errors persistency, using a different dataset with 
maturities up to 10-year, whereas we have maturities up to 25-year. The original Nelson-Siegel 
framework might forecast the long maturities sub-optimally. The serial correlation of forecast 
errors may likely come from a variety of sources, some of which could be eliminated, such as, 
pricing errors due to illiquidity may be highly persistent and could be reduced by including 
variables that may explain mispricing as suggested by Dieobld and Li (2006).  
                                                   
19 Given a sample of   out-of-sample forecasts of   distinct maturities with  −months ahead forecast horizon, 
we compute the TRMSPE as follows: 
 
        
 
  
                      
 
 
   
 
   
  
where            is the forecasted yield in period   for     period, [                    is the forecast 








Table 1: Descriptive Statistics of Yield Curve Data 







































































































































































































































Note: The table shows descriptive statistics for monthly yields at different maturities and for the yield curve level, 
slope and curvature, where we define the level as the 25-year yield, the slope as the difference between the 25-year 
and 3-month yields, and the curvature as the twice the 2-year yield minus the sum of the 3-month and 25-year 
yields. The last three columns contain sample autocorrelations at displacements of 1, 12 and 24 months. The sample 

















Table 2: Results of the MLE Estimation of the CIR Model 
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Panel 2. Results for Two Sub-Periods Samples 






















Note: The table presents the initial OLS and MLE estimated results of    vector 
using the time series data of two years maturity. log L denotes the log likelihood 
value of the MLE estimation. Panel 1 consists the results of the full sample period, 
2000:01–2011:12 (144 observations), while panel 2 presents the results for two 
sub-periods, i.e., sub-period 1 (2000:01–2006:12) and sub-period 2 
(2007:01–2011:12). The number of observations for the first sub-period and second 





























Table 3: Descriptive Statistics of the Nelson-Siegel Estimated Factors 
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Note: The table presents descriptive statistics for Nelson-Siegel estimated factors, R
2
 and   averaged 
over the different maturity times using monthly yield data 2000:01–2011:12. Panel 1 presents the features 
of the results obtained from non-linearized version of the Nelson-Siegel model by applying non-linear 
least squares method, while panel 2 shows the features of the results estimated by ordinary least squares 
(OLS) methods for pre-specified value (median value obtained from non-linear estimation) of the shape 
parameter            .        denotes the sample autocorrelations at displacements of 1, 12, and 24 
months. The last row contains augmented Dickey–Fuller (ADF) unit root test statistics. The number of 















Table 4: Descriptive Statistic of the Nelson-Siegel Yield Curve Residuals for Time-varying   









































































































































































































Note: The table presents summary statistics of the residuals   for different maturity times of the Nelson–Siegel model 
using monthly yield data 2000:01–2011:12 for time-varying  . MAE is mean absolute errors, RMSE is the root mean 
squared errors and        denotes the sample autocorrelations at displacements of 1,12, and 24 months. The number of 
observations is 144. 
 
 
Table 5: Descriptive Statistics of the Simulated Yields Using the CIR Model 















































































































Note: The table shows descriptive statistics for simulated yields at different maturities for the CIR model. The entire 
term structure of yield is computed by the CIR yield curve model using the simulated short rates. The simulation 
exercise is done 10,000 times for 144 months. The last three columns contain the first, 12th and 24th order sample 
















Table 6: Descriptive Statistics of the Simulated Nelson-Siegel Factors 
 
AR(1)  VAR(1) 







       
        









































































Note: The table presents descriptive statistics of the simulated Nelson-Siegel factors averaged over number of 
simulations for both AR(1) and VAR(1) specifications. The four factors of the Nelson-Siegel specification are 
modeled as first order AR and VAR to forecast the yield curve for 120 months, 2012:01–2021:12, for 10,000 times. 
The last three rows contain their first, 12th and 24th order sample autocorrelation coefficients. The computation of 






















Table 7: Descriptive Statistics of Simulated Yields Using the Nelson-Siegel Model 
Maturity     Mean    S. Dev.     Max     Min Skewness Kurtosis                                   






























































































































































































































Note: The table shows descriptive statistics for monthly simulated yields at different maturities for both AR(1) and 
VAR(1) specifications of the four factors vector    of the Nelson-Siegel Model. The four simulated factors are 
substituted in (2.17) to compute the simulated yields for various maturities for 120 months, 2012:01–2021:12, for 
10,000 times. The last three columns contain the first, 12th and 24th order sample autocorrelation coefficients. The 















Table A-1: Results of the MLE Estimation of the CIR Model 
Maturity 
 

















































Note: The table presents the initial OLS and MLE estimated results of    vector using the time series 
data of 3 months, 6 months, 12 months, and 18 months maturities from 2000:01–2011:12. log L 





Table A-2: Results of the MLE Estimation of the CIR Model for Sub-Periods 
Maturity                                                   log L 


























































































Note: The table presents the initial OLS and MLE estimated results of    vector using the time series data of 
3 months, 6 months, 12 months, and 18 months maturities for two sub-periods, i.e., sub-period 1 (2000:01 
–2006:12) and sub-period 2 (2007:01 – 2011:12). log L denotes the log likelihood value of the MLE 













Table A-3: Out-of-Sample 1 Month Ahead Forecasting Results 
Maturity     Mean Std. Dev.    MAE    RMSE                                           


















































































































































































The table presents the results of out-of-sample 1-month-ahead forecasting using AR (1) and VAR (1) specification of 
the estimated factors. We estimate all models recursively from 2000:1 to the time that the forecast is made, beginning 
in 2008:1 and extending through 2011:12. We define forecast errors at     as                    , where 
           is the     month ahead forecasted yield at period  , and we report the mean, standard deviation, mean 





















Table A-4: Out-of-Sample 6 Months Ahead Forecasting Results 
Maturity     Mean Std. Dev.    MAE    RMSE                                             


















































































































































































The table presents the results of out-of-sample 6-month-ahead forecasting using AR (1) and VAR (1) specification of 
the estimated factors. We estimate all models recursively from 2000:1 to the time that the forecast is made, beginning 
in 2008:1 and extending through 2011:12. We define forecast errors at     as                    , where 
           is the     months ahead forecasted yield at period  , and we report the mean, standard deviation, mean 














Table A-5: Out-of-Sample 12 Months Ahead Forecasting Results 
Maturity      Mean Std. Dev.    MAE    RMSE                                               


















































































































































































The table presents the results of out-of-sample 12-month-ahead forecasting using AR (1) and VAR (1) specification 
of the estimated factors. We estimate all models recursively from 2000:1 to the time that the forecast is made, 
beginning in 2008:1 and extending through 2011:12. We define forecast errors at      as           
           , where             is the      months ahead forecasted yield at period  , and we report the mean, 
standard deviation, mean absolute errors and root mean squared errors of the forecast errors, as well as their first, 12th 




Table A-6: TRMSPE Results for Out-of-Sample Forecasts Accuracy Comparisons 
TRMSPE 1 Month Forecasts 6 Months Forecasts 12 Months Forecasts 
AR(1) Model of Factors 0.046 0.076 0.079 
VAR(1) Model of Factors 0.054 0.085 0.055 
Note: The table reports the Trace Root Mean Squared Prediction Error (TRMSPE) results of 
out-of-sample forecasts accuracy comparison for horizons of one, 6, and 12 months for both 


















Figure 1. Yield Curves, 2000:01–2011:12. 
The sample consists of monthly yield data 2000:01–2011:12 (144 months) at fixed quarterly maturities of 3, 6, 9, 12, 

















Figure 2: Fitted Yield Curve with the CIR Model 
Actual average (data-based) and fitted (model-based) yield curve along the residuals for the entire sample 
(2000:01–2011:12) and two sub-periods, i.e., sub-period 1 (2000:01–2006:12) and sub-period 2 (2007:01–2011:12) 
are plotted. The fitted yield curves are obtained by evaluating the CIR function at the MLE estimated      and    




Figure 3: Time Series Plot of Nelson-Siegel Estimated Factors and Empirical Level, Slope and Curvature  
Model-based level, slope and curvature (i.e., estimated factors vector    ) for time-varying    vs. data-based level, 
slope and curvature are plotted, where level is defined as the 25-year yield, slope as the difference between the 
25-year and 3-month yields and curvature as two times the 2-year yield minus the sum of the 25-years and 3- month 






Figure 4: Average Fitted Yield Curve and Residuals of the Nelson–Siegel Model 
Actual (data-based) and estimated (model-based) average yield curves and average residuals for both time-varying 
    and fixed           are plotted. The fitted yield curves are obtained by taking average of the estimated yield 
of the Nelson-Siegel model over 144 months. Similarly, the residuals are also averaged over 144 months for the 




Figure 5: Nelson–Siegel Model based Yield Curves Residuals, 2000:01–2011:12 for Time-varying   . 
The sample consists of monthly residuals, obtained from the non-linear least squares estimation of the Nelson-Siegel 







Figure 6:Average and All Simulated Yield Curves with the CIR Model 
The entire term structure of yield is computed by the CIR yield curve model using the simulated short rates. The 
simulation exercise is done 10,000 times for 144 months. The 10000 simulated yield curves along with average 






Figure 7: Simulated Average Yield Curves with the Nelson-Siegel Model 
The four factors of the Nelson-Siegel specification are modeled as first order AR and VAR to forecast the yield 
curve for 120 months, 2012:01–2021:12, for 10,000 times. The average simulated yield curves for both AR(1) 
and VAR(1) specifications are obtained by averaging the simulated yields over different months as well as 
number of simulations. Actual (data-based) average yield curve is also plotted for comparison. All three yield 






Figure A-1: Fitted Yield Curves with the CIR Model 
Actual average (data-based) and fitted (model-based) yield curves for various maturities are plotted. The fitted yield 






Figure A-2: Fitted Yield Curve with the CIR Model for Two Sub-Periods 
Actual average (data-based) and fitted (model-based) yield curves for two sub-periods, i.e., sub-period 1 (2000:01 
–2006:12) and sub-period 2 (2007:01 – 2011:12) using the time series data of 3 months, 6 months, 12 months, and 18 
months maturities are plotted. The fitted yield curves are obtained by evaluating the CIR function at the MLE 
estimated      and    from table A-2. 
 
 
 
 
